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Abstract. Iterative methods for domain decomposition methods in
Krylov subspaces to solve large systems of linear algebraic equations
arising from grid approximations of multidimensional boundary value
problems are considered. The algorithms under study are based on purely
algebraic approaches with special variants of approximate factorization
of matrices arizing from grid division by a single-layer or two-layer sep-
arating macrogrid subsets. Traditional interface boundary conditions
between contacting subdomains are replaced by matrix approximations
with the compensation principle exploiting. The implementation of pre-
conditioning matrices is carried out by naturally parallelizable forward
and back sweep algorithms on the macrogrid. The issues of assessing
the efficiency and performance of the proposed methods and technolo-
gies for two-dimensional and three-dimensional problems are discussed,
including the cases of parallelizing calculations. The results of numerical
experiments for a set of methodical problems are presented.

Keywords: Iterative method · Domain decomposition · Matrix
factorization · Krylov subspaces · Performance · Forward and
backward sweep

1 Introduction

Domain decomposition methods (DDM) have been studied in many monographs
[1–7], review articles [8–13], as well as materials of regular international confer-
ences from DDM.ORG website.

The main motivations of DDM are the parallelization of algorithms on multi-
processor systems (MPS) and the distribution of supercomputer resources when
solving large multidimensional problems. In algebraic terms, such approaches
consist in a construction of preconditioned iterative algorithms in the Krylov
subspaces, including conjugate direction methods for symmetric systems of lin-
ear algebraic equations (SLAEs) and generalized methods of minimal residuals
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(various versions of GMRES) or semi-conjugate direction for asymmetric ones,
see [14–17].

In this paper, we develop the purely algebraic approach proposed in [18] for
solving SLAEs with large sparse matrices arising from grid approximations of
the nodal type for multidimensional boundary value problems, when each grid
node corresponds to one component of the original vector. An iterative process
is constructed based on the use of incomplete factorization as a preconditioner
of the original system with a special block decomposition of the problem using
a set of separator nodes as a macrogrid formally considered as one of the result-
ing grid subdomains. Economical algorithms for solving the generated auxiliary
subsystems are implemented using sweep methods for tridiagonal SLAEs [19].

This work is structured as follows. Section 2 discusses principles of a decom-
position of 2D and 3D grid domains, as well as the corresponding algebraic data
structures. The next section is devoted to a brief presentation of the precondi-
tioned conjugate gradient and conjugate residual methods (CG and CR) for solv-
ing symmetric SLAEs. Section 4 contains a description of algorithmic aspects,
including issues of parallelization efficiency and performance of the methods and
technologies under study. Section 5 presents the results of numerical experiments
on a series of methodological problems demonstrating the efficiency of the pro-
posed approaches. In conclusion, a possible generalization of the methods to a
wider class of problems and plans for further research are discussed.

2 Matrix Structures for Grid Decomposition Methods

We will consider methods for solving SLAEs with the real data

Au = f, A = {al,l′} ∈ RN,N , u = {ul}, f = {fl} ∈ RN , [1p] (1)

with symmetric positive definite (s.p.d.) matrices arising in grid approximations
of multidimensional boundary value problems [20]. For brevity, we will limit
ourselves to only three-dimensional regular grids of the form

Ωh : x = xi, i = 1, . . . , Nx, y = yj , j = 1, . . . , Ny, z = zk, k = 1, . . . , Nz, (2)

forming a computational domain with the shape of a parallelepiped Ω. We
assume that the system (1) consists of grid seven-point equations written using
indices i, j, k in the following form:

(Au)i,j,k = a
(0)
i,j,kui,j,k − a

(1)
i,j,kui−1,j,k − a

(2)
i,j,kui,j−1,k − a

(3)
i,j,kui+1,j,k (3)

− a
(4)
i,j,kui,j+1,k − a

(5)
i,j,kui,j,k−1 − a

(6)
i,j,kui,j,k+1 = fi,j,k,

a
(1)
1,j,k = a

(2)
i,1,k = a

(3)
Nx,j,k = a

(4)
i,Ny,k = a

(5)
i,j,1 = a

(6)
i,j,Nz

= 0.

We will assume that this SLAE is of positive type, i.e., it is indecompos-
able, has the property of the diagonal dominance, and all coefficients in (3) are
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non-negative. Let us divide the grid domain Ωh into its subdomains ΩD
m, m =

1, . . . ,MD by using a nested macrogrid

ΩH : xi1 , . . . , xiMx
; yj1 , . . . , yjMy

; zk1 , . . . , zkMz
; ΩH = ΩH

V

⋃
ΩH

E

⋃
ΩH

F , (4)
1 < i1 < iMx < Nx; 1 < j1 < jMy < Ny; 1 < k1 < kMz < Nz,

where ΩH
V is a set of its macronodes, or macrovertices (intersection points of

the coordinate planes forming it), ΩH
E is a set of macroedges (grid segments

connecting macronodes), and ΩH
F is a set of macrofaces (a set of nodes on a

rectangular segment of a plane bounded by macroedges). Thus, we have

Ωh = ΩH
⋃

ΩD, ΩD =
MD⋃

m=1

ΩD
m, ΩH

V =
MV⋃

k=1

ΩV
k , ΩH

E =
ME⋃

l=1

ΩE
l , ΩH

F =
MF⋃

n=1

ΩF
n ,

(5)
where MV ,ME ,MF ,MD is the number of macrovertices, macroedges, macro-
faces and subdomains (the latter consisting of internal grid nodes).

In the future, when describing algorithms, we will focus on a model SLAE
corresponding to the approximation of the Dirichlet problem for the Poisson
equation in a cubic computational domain on a cubic grid with a step h. We will
also consider two-dimensional problems obtained from three-dimensional ones as
a special case: macrofaces play the role of subdomains, and the grid equations
are five-point ones, with the values of non-zero coefficients for the model problem
a
(0)
i,j = 4, a

(1)
i,j = · · · = a

(4)
i,j = 1. In addition, to simplify the notation, we will

limit ourselves to grids with the same number of nodes Ne on each macroedge
and with the following characteristics:

Mx = My = Mz = Mc, Nx = Ny = Nz = Nc = Ne(MC + 1) + MC ,
N = N3

c = NH + ND, NH = NV + NF + NT , NV = M3
c , NT = NeME ,

ND = N3
e MD, Me = 3Mc(Mc + 1), MF = 3(Mc + 1)2, MD = (Mc + 1)3.

(6)

Here NV , NT , NF , ND are the number of macronodes, the total number of nodes
on macroedges, macrofaces and subdomains, respectively.

Note that for the two-dimensional and three-dimensional cases there is some
difference in the structure of the ΩH marcogrid, which is defined as a set of sub-
domain separator nodes. In the two-dimensional case it consists of macronodes
and macroedges, and in the three-dimensional case it also includes macrofaces.

We begin a construction of the algebraic domain decomposition method
(ADDM) with the two-dimensional problems. Numbering first the nodes and
corresponding vector components from the macrogrid, and then from the sub-
domains, we write the SLAE (1) in the following second-order block form:

Au =
[

A1,1 A1,2

A2,1 A2,2

] [
u1

u2

]
=

[
f1
f2

]
uk, fk ∈ RNk , k = 1, 2 , N1 + N2 = N. (7)

Let us carry out a more detailed partition of the subvectors, numbering the com-
ponents u, f first sequentially for each macroedge, and then for all macronodes.
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In addition, dividing u2 = {um
2 }, f2 = {fm

2 } by subdomains, we transform the
blocks A1,1, A2,2 to the bordered, and the submatrix – block-diagonal form:

A =

A1,1 A
(1)
1,2 . . . A

(MD)
1,2

A
(1)
2,1 A

(1)
2,2 O .

... . .
...

A
(MD)
2,1 O . . . A

(MD)
2,2

, A1,1 =

T1 C1

. .
. .
. .

. . . TMe
CMe

CT
1 . . . CT

Me
C

=
[

T C1,2

C2,1 C

]
. (8)

Here T = block-diag{Tl} and each of Tl is a tridiagonal matrix of order Ne

corresponding to a horizontal or vertical edge, A
(m)
2,2 are five-diagonal matrices

of order N2
e . Besides, C ∈ RNV ,NV is a diagonal “macronode” matrix, and off-

diagonal blocks establish connections between different types of variables and
are very sparse. For the three-dimensional case, it is natural to represent the
system (1) in the third-order block form

Au =

⎡

⎣
A1,1 A1,2 0
A2,1 A2,2 A2,3

0 A3,2 A3,3

⎤

⎦

⎡

⎣
u1

u2

u3

⎤

⎦

⎡

⎣
f1
f2
f3

⎤

⎦ . (9)

where the subvectors u1, u2, u3 correspond to sets of nodes from macronodes and
macroedge, from macrofaces and subdomains. The block A1,1 has a bordered
structure. The matrices A2,2, A3,3 are five- and seven-diagonal ones.

3 Incomplete Factorization Methods on Macrogrid

To solve the SLAEs, we construct iterative methods based on determining the
preconditioning matrix B by an approximate factorization of the matrix A, which
for the two-dimensional case has the form (see motivation in [17]):

B =
[

A1,1 0
A2,1 G

] [
A−1

1,1 0
0 G−1

] [
A1,1 A1,2

0 G

]
≈ A (10)

G = A2,2 − [H]b − θR, Re = (H − [H]b)e, H = A2,1A
−1
1,1A1,2.

where R is a diagonal (compensating) matrix, e = {1} is a vector with the
unit entries, [H]b denotes a band approximation (with the bandwidth b)of the
matrix H with its specification given below, and θ is an iterative (compensating)
parameter. The diagonal compensation principle used here ensures the relation
Be = Ae for θ = 1, see more details in [9]. The inversion of the preconditioner
B is carried out by the following block approach:

B

[
q1
q2

]
=

[
A1,1 0
A2,1 G

] [
v1
v2

]
=

[
g1
g2

] [
I A−1

1,1A1,2

0 I

] [
q1
q2

]
=

[
v1
v2

]
, (11)

which is implemented using its component relations

A1,1v1 = g1, Gq2 = g2−A2,1v1 = ḡ2, A1,1w1 = A1,2q2, q1 = v1−w1. (12)
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For a block third-order SLAE (9), for the three-dimensional problem, a construc-
tion of a factorized preconditioner can be represented as follows, see [9]:

B =

⎡

⎣
G1 0 0
A2,1 G2 0

0 A3,2 G3

⎤

⎦

⎡

⎣
G−1

1 0 0
0 G−1

2 0
0 0 G−1

3

⎤

⎦

⎡

⎣
G1 A1,2 0
0 G2 A2,3

0 0 G3

⎤

⎦ , G1 = A1,1,

G2 = A2,2 − [H2]b − θ2R2, G3 = A3,3 − [H3]b − θ3R3, R2e2 = (H2 − [H2]b)e,
R3e3 = (H3 − [H3]b)e, H2 = A2,1A

−1
1,1A1,2, H3 = A3,2G

−1
2 A2,3.

(13)
Here, R2 and R3 are the diagonal matrices, e2 and e3 are the vectors with the
unit entries, and θ ∈ [0, 1] is compensating parameters. For θ = 1 we obtain the
complete diagonal compensation Be = Ae which is matching the row sums of
the preconditioned and original matrices. Let us remark, that the alternative to
the considered approach is block SSOR preconditioning, see [9,14].

A quick analysis of the block-component relations (12),(13) shows, firstly,
that their implementation includes the solution of subsystems with the matrix
A1,1 of the bordered type and corresponding to macrogrid nodes from ΩH . More-
over, we will need to calculate the columns of the inverse matrix A−1

1,1, which can
be done economically using parallel sweep algorithms. Much more difficult prob-
lems arise when forming the matrices G,G2, G3 and solving the corresponding
algebraic subsystems. Note that with the exact factorization [H]b = H these
matrices of the block order MD have all their blocks as non-zero ones, although
their original matrices A2,2, A3,3 are block diagonal ones.

As it follows from the vector-matrix structures indicated above, the block
configuration of the “frame matrix” A1,1 presented in (8) is externally the same
for two-dimensional and three-dimensional problems, although the topology of
the macroedges and macronodes differ qualitatively and quantitatively. There-
fore, to solve the first of the equations in (12), the matrix factorization can be
written uniformly using the following formulas:

[
T C1,2

C2,1 C

] [
vT

vc

]
=

[
T 0

C2,1 Sc

] [
wT

wc

]
=

[
gT

gc

]
,

[
I T−1C1,2

0 I

] [
vT

vc

]
=

[
wT

wc

]
,

Sc = C − C2,1T
−1C1,2,

(14)
which in component form are implemented by the relations:

TwT = gT , Scvc = gc − C2,1wT = fc, vT = wT − T−1C1,2vc. (15)

Here, the subvectors with the indexes “T” and “c” correspond to macroedge
and macronode variables, and the matrix Sc (Schur’s complement) is a symmetric
five- and seven-diagonal matrix in the two-dimensional and three-dimensional
cases, respectively. It’s easy to show that if A is a matrix of the positive type,
and the matrix T has the strict diagonal dominance (Te ≥ δe, where the value
δ > 0 does not depend on h) , then the matrix Sc has the same property.
Consequently, its condition number is finite, that is, it does not depend on h as
well, and the corresponding SLAE for finding wc in (15) can be economically
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solved by the iterative Chebyshev acceleration method, which in this case will be
optimal in terms of the order (the total number of operations is proportional to
the order of the system, see [21], [22]). Note also that the solution of SLAEs with
tridiagonal matrices, as well as their inversions, can be effectively implemented
in (15) using naturally parallelizable algorithms, see [23]. Let a system of Ne

three-point equations be defined on some l−th macroedge

−atut−1 + btut − ctut+1 = ft, t = 1, 2, . . . , Ne,
u0 = ub, uN+1 = ue,

(16)

where the quantities ub, ue play the role of the Dirichlet boundary conditions for
the corresponding grid boundary value problem and represent the value of the
solution of the macronodal SLAE in the adjacent macronodes. The solution of
the subsystem (16) is constructed using one of the recursions of the form

ut =
{

β̂tut+1 + ẑt, t = Ne − 1, . . . , 1; uNe
= ẑNe

,

β̌tut−1 + žt, t = 2, . . . , Ne; u1 = ž1.
(17)

Here the coefficients of the recursions are determined by the following formulas:

β̂1 = c1d̂1, d̂1 = b−1
1 , β̂t = ctd̂t, d̂t = (bt − atβ̂t−1)−1, t = 2, . . . , Ne,

β̌Ne
= aNe

ďNe
, ďNe

= b−1
Ne

, β̌t = atďt, ďt = (bt − ctβ̌t+1)−1, t = Ne, . . . , 1,

ẑ1 = (f1 + a1u0)d̂1, ẑt = (ft + atẑt−1)d̂t, t = 2, . . . , Ne − 1,

ẑNe
= (fNe

+ cNe
uNe+1 + aNe

ẑNe−1)d̂Ne
, žNe

= (fNe
+ cNe

uNe+1)ďNe
,

žt = (ft + ctžt+1)ďt, t = Ne − 1, . . . , 2, ž1 = (f1 + a1u1 + c1ž2)ď1.
(18)

The formation of a macronodal subsystem with the matrix Sc and the right-
hand side fc from (15) actually uses the principle of superposition, that is, the
general solution of the grid boundary value problem is represented as a sum:

u = u0ǔ + uNe+1û + ū = {ut = u0ût + uNe+1ǔt + ūt} (19)

where ǔ, û are the solutions to a homogeneous SLAE (16) (ft = 0 for all t)
with the boundary conditions ǔ0 = 1, ǔNe+1 = 0, û0 = 0, ûNe+1 = 1, and ū
is the solution to (16) with the given values of ft and homogeneous boundary
conditions, which are most simply calculated using the counter sweep formulas

ût = β̂tût+1, t = Ne − 1, . . . , 1, ûNe
= cNe

d̂Ne
, (20)

ǔt = β̌tǔt−1, t = 2, . . . , Ne, ǔ1 = a1d̂1.

Note that if it is necessary to solve the SLAE (16) multiple times, as well
as when finding the columns of the inverse matrix T−1 = {ũ(l) = ũ

(l)
t , t =

1, . . . , Ne}, corresponding to the right-hand sides f
(l)
t = δt,e, where δt,e is the

Kronecker symbol, it is advisable to use economical formulas

ũ
(l)
(l) = (bl − alβ̂l−1 − clβ̌l+1)−1, l = 2, . . . , Ne − 1, (21)

ũ
(l)
(1) = (b1 − c1β̌2)−1, ũ

(Ne)
(Ne)

= (bNe
− aNe

β̂Ne−1)−1.
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After substituting the expressions (19) into (2) with t = 1 and t = Ne for
all macroedges, simple relations are obtained for the elements of the matrix
Sc and the right-hand side vector f̄c of the macronodal SLAE. We present the
derivation of the corresponding formulas for the two-dimensional case. For a
macronode with the coordinates (xik , yjl) we denote the macroedges adjacent to
the left, down, right and top (up) as El

k,l, Ed
k,l, Er

k,l, Eu
k,l respectively. Obviously,

the opposite ends of these four macroedges are the macronodes with the indices
(ik−1, jl), (ik, jl−1), (ik+1, jl) , (ik, jl+1). Let us write the initial equation for the
(ik, jl)-th macronode in a form similar to (2):

a
(0)
ik,jl

uik,jl − a
(1)
ik,jl

uik−1,jl − a
(2)
ik,jl

uik,jl−1 − a
(3)
ik,jl

uik+1,jl − a
(4)
ik,jl

uik,jl+1 = fik,jl ,

ik, jl ∈ ΩH
V , a

(1)
i1,jl

= a
(2)
ik,j1

= a
(3)
iMc ,jl

= a
(4)
ik,iMc

= 0, k, l = 1, . . . , Mc.

(22)
The off-diagonal terms included in this equation and corresponding to the inter-
nal nodes of various macroedges can be expressed in terms of partial solutions
of the corresponding tridiagonal algebraic systems. As a result, the five-point
equations for macronodes are obtained in the following form:

(Scuc)ik,jl = f̄c
ik,jl

, (23)

(Scuc)ik,jl = s
(0)
ik,jl

uik,jl − s
(1)
ik,jl

uik−1,jl − s
(2)
ik,jl

uik,jl−1 − s
(3)
ik,jl

uik+1,jl − s
(4)
ik,jl

uik,jl+1

s
(0)
ik,jl

= a
(0)
ik,jl

− a
(1)
ik,jl

ûl
ik−1,jl

− a
(2)
ik,jl

ûd
ik,jl−1 − a

(3)
ik,jl

ǔr
ik+1,jl

− a
(4)
ik,jl

ǔu
ik,jl+1,

s
(1)
ik,jl

= a
(1)
ik,jl

ǔl
ik−1,jl

, s
(2)
ik,jl

= a
(2)
ik,jl

ǔd
ik,jl−1,

s
(3)
ik,jl

= a
(3)
ik,jl

ûr
ik+1,jl

, s
(4)
ik,jl

= a
(4)
ik,jl

ûd
ik,jl+1,(

f̄c
)
ik,jl

=
(
fc

)
ik,jl

+ a
(1)
ik,jl

ūl
ik−1,jl

+ a
(2)
ik,jl

ūd
ik,jl−1 + a

(3)
ik,jl

ūr
ik+1,jl

+ a
(4)
ik,jl

ūu
ik,jl+1.

(24)

Here the superscripts l, d, r, u denote the partial solutions of the tridiagonal
systems associated with the macroedges adjacent to the (ik, jl)-th macronode
on the left, down, right and top(up), respectively, so they are left, bottom, right
and top neighbors, respectively. After solving the resulting subsystem, that is,
calculating the vector wc = uc in (15) of the form (22) with the unit right-hand
sides using a direct or iterative method, determining the macroedge components
vector VT from (15) is most easily done using the representation (19).

Let us now consider the details of the formation of the matrix G for the two-
dimensional case from (10) and the solution of the corresponding SLAE in (12)
when constructing the preconditioning. The key point here is to find the inverse
matrix A−1

1,1, or more precisely, its columns h(l′) defined by the equations:

A1,1h
(l′) = f (l′) = {δl′,l} = e(l

′), l′ = 1, . . . , NE , (25)

where e(l
′) is the l′th column of the identity matrix. The solution of each SLAE

(25), as before during the implementation of (14),(15), is carried out by reducing
it to a macronodal system with the matrix Sc, which is the same in all the
cases. We assume that the columns of its inverse S−1

c = h
(r)
c , r = 1, . . . , NV , are
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calculated in advance by a parallel solution of NV subsystems. By dividing the
vector h(l′) into macronode and macroedge subvectors h

(l′)
c , h

(l′)
T , we can state

that the first of them is a linear combination of two vectors h
(r1)
c , h

(r2)
c :

h(l′)
c = ũ

(l′)
1 a

(l′)
1,r1

h(r1)
c + ũ

(l′)
Ne

a
(l′)
Ne,r2

h(r2)
c , (26)

where r1, r2 are the numbers of macronodes adjacent to the nodes of some
macroedge, containing the l′-th node with its local numbers 1, Ne, respectively,
a
(l′)
1,r1

and a
(l′)
Ne,r2

are the coefficients of the original matrix A connecting the corre-

sponding components of the desired vector, and ũ
(l′)
1 , ũ

(l′)
Ne

– are the first and the
last components of the partial solution from (19) for the macroedge, containing
the l′th node. Further, taking in (26) the values h

(l′)
c,r1 = u0, h

(l′)
c,r2 = uNe+1 for

the boundary conditions for the macroedge subsystem, we find from the superpo-
sition principle all the components of the subvector h

(l′)
T = {h

(l′)
T,t , t = 1, . . . , Ne}

using the formulas (20)–(22), taking l = l′ in them.
Denoting the numbers of macronodes adjacent to macroedges by r1 and r2,

to calculate the corresponding elements of the inverse matrix A−1
1,1, one can also

use the formulas (19) – (22) taking into account the fact that in this case we
will divide ūt = 0 into subsets of the near-boundary nodes Ω1

m adjacent to
macroedges and of the internal ones Ω2

m, numbering ner-boundary nodes first
and then the internal nodes. Denoting the corresponding vectors by v1

m, v2
m, we

can write the second equation from (12) as follows:

Gv2 =
[

G1,1 G1,2

G2,1 G2,2

] [
v
(1)
2

v
(2)
2

]
=

[
g
(1)
2

g
(2)
2

]
. (27)

Here the matrix G1,1 is a dense one for [H]b = H and it has its off-diagonal
entries decreasing as they are distanced from the main diagonal. For the two-
dimensional grid, the matrix block G1,2 = GT

2,1 contains at most one non-zero

element in each row, and G2,2 = block- diag{G
(m)
2,2 } for each subdomain has a

five-diagonal matrix of order (Ne − 2)2, which is a submatrix of A
(m)
2,2 . A natural

way to build the preconditioning matrix B in (10) is to construct a five-diagonal
approximation of [H]b such that the structures of the matrices G and A2,2 (with
the same ordering of the variables) are the same.

Let k′, k′′ be the numbers of neighboring (i.e. ak′,k′′ �= 0) near-boundary
nodes from the m-th subdomain that are not corner nodes and that are adjacent
to the l′-th and l′′-th macroedge nodes, respectively. Then for b = 5 in (10) for
the entries of the matrix G = {gk′,k′′} we have:

gk′,k′′ = ak′,k′′ − [H]5(k′, k′′) − θ((H − H5)e)k′ , : [H]5(k′, k′′) = ak′,l′h
(l′)
l′′ al′′,k′′ ,

(28)
where al′,k′ and h

(l′)
l′′ denote the element of the original matrix A and the l′′-

th component of the l′-th column of the matrix A−1
1,1. If k′ = k′′ and a given

node is a corner node in a subdomain, then it has two neighboring macroedge
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nodes, whose numbers we denote by l′ and l′′. In this case, to determine the
corresponding diagonal element G1,1, it is necessary to calculate two columns of
the matrix A−1

1,1, namely, the h(l′)-th and the h(l′′)-th, and instead of (28) we get

gk′,k′′ = ak′,k′′ − [H]5(k′, k′′) − θ((H − H5)e)k′ ,

[H]5(k′, k′′) = ak′,l′(h
(l′)
l′ al′,k′ + h

(l′)
l′′ al′,k′) − ak′,l′′(h

(l′)
l′ al′,k′ + h

(l′)
l′′ al′′,k′′). (29)

If node k′ is a corner node, but k′′ is not, then:

gk′,k′′ = ak′,k′′ − [H]5(k′, k′′) − θ((H − H5)e)k′ , (30)

[H]5(k′, k′′) = ak′,l̂′h
(l̂′)
l′′ al′,k′′ + ak′,l′′h

(ľ′)
l′′ al′′,k′′ .

Here l̂′, ľ′ denote the numbers of two macroedge nodes adjacent to node k′, and
l′′ is the number of the macroedge neighbor to node k′′. When only node k′′ is
in the corner, and l̂′′ and ľ′′ are the numbers of its two macroedge neighbors,
then in formula (30) only the last relation should be changed ( in this case l′ is
the number of the neighbor to node k′ on the macroedge):

[H]5(k′, k′′) = ak′,l′(h
(l′)
l̂′′

al̂′′,k′′ + h
(l′)
ľ′′

aľ′′,k′′). (31)

The matrix G from (27) transfroms into the block-diagonal Ḡ = block-
diag{G(m)}, and the solution the corresponding subsystem in (12) is carried
out independently across subdomains using direct or some iterative algorithms.

As for the approximation of the preconditioner B from (13) for the three-
dimensional case, first of all, we note that the matrix G2 has a block structure
similar to G from (27), but it is more complex, since there are many macrofaces
now and they can be of three different coordinate orientations. By choosing the
five-diagonal approximation [H]5 we get Ḡ = block-diag{Ḡ(m)

2 }, where the diag-
onal blocks Ḡ

(m)
2 generate auxiliary SLAEs that are relatively easy to solve inde-

pendently in subdomains. However, in the three-dimensional case, these blocks
also need to be inverted when finding the matrix G3, and here it is necessary to
use an additional approximation, using either a new incomplete factorization.

4 Iterative Methods in the Krylov Subspaces for ADDM

This section presents a description of classical preconditioned methods of the
Krylov type and outlines a general scheme for parallelizing the proposed algo-
rithms on multiprocessor computing systems (MCS).

Let B = LBUB , LB = UT
B be some easily factorizable symmetric matrix,

with the help of which we form a bilaterally preconditioned symmetric SLAE

Āū = f̄ , Ā = L−1
B AU−1

B , ū = UBu, f̄ = L−1
B f. (32)

To solve it, we apply one of the conjugate direction methods

ūn = ūn−1 + αn−1p̄
n−1 = ū0 + α0p̄

0 + . . . + αn−1p̄
n−1,

r̄n = r̄n−1 − αn−1Āp̄n−1 = r̄0 − α0Āp̄0 − . . . − αn−1Āp̄n−1,
(33)
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where ū0 and r̄n = f̄ − Āūn are an arbitrary initial guess and a residual vector,
respectively. If for any p̄0 the direction vectors p̄k in (13) satisfy the conditions of
Āγ-orthogonality (p̄n, p̄k)γ ≡ (Āγ p̄n, p̄k) = ρ

(γ)
k δn,k, ρ

(γ)
k = ‖p̄k‖2γ where δn,k

is the Kronecker symbol and γ = 1, 2 for the conjugate gradient and conjugate
residual methods, respectively, then for the parameter values

αk = σk/ρk, σk = (r̄0, p̄k)γ−1 = (r̄k, p̄k)γ−1 (34)

the functionals Φγ(r̄n) = (Āγ−2r̄n, r̄n) take their minimal values in the Krylov
subspaces Kn(r̄0, Ā) =Span(r̄0, Ār̄0, . . . , Ān−1r̄0).

To calculate the direction vectors that satisfy the orthogonality conditions
(34), we use the two-term Hestenes-Stiefel recursion

p̄0 = r̄0, p̄n = r̄n + βn−1p̄
n−1, βn−1 = (Āγ r̄n, p̄n−1)/ρn−1. (35)

Note that with the help of the relations (32)–(35) the Āγ−1-orthogonality prop-
erty of residual vectors is easily verified, from which more economical formulas
for calculating iterative coefficients follow:

(Āγ−1r̄n, r̄k) = σnδn,k, σn = ||r̄n||2γ−1, βn = σn/σn−1. (36)

The condition to stop the iterative processes (13)–(19) is the inequality ‖rn‖ ≤
ε‖f‖0, ε 	 1 (for more details see [9]). The corresponding number of iterations
is estimated by the quantity n(ε) ≤ 1

2

√
cond(Ā) log(2/ε), where cond(Ā) =

λmax/λmin is the spectral condition number of the preconditioned matrix Ā in
(31), and λmax and λmin are its maximum and minimum non-zero eigenvalues.

Note that if it is technologically more convenient to implement the considered
Krylov methods with one-side preconditioning, that is, without using a factor-
ized representation of the matrix B, then instead of (31)–(35) one can use, for
example, the conjugate gradient method with an arbitrary initial vector u0:

p̃0 = r̃0 = B−1r0, r0 = f − Au0, n = 1, 2, . . .
un = un−1 + αn−1p̃n−1, αn = ρn/ρn, r̃n = r̃n−1 − αn−1Ap̃n−1,
σn = (B−1rn, rn), ρn = (Ap̃n, p̃n), p̃n = B−1r̃n + βnp̃n−1, βn = σn/σn−1.

(37)
The solution of the auxiliary SLAEs with the matrices G and A1,1 can be

done using either direct or iterative algorithms. In the latter case, we will have
two-level processes in the Krylov subspaces, which requires a careful control of
the accuracy of successive approximations. A similar approach with the two-side
preconditioning is also implemented for the three-dimensional case.

Now, we will provide a brief analysis of the performance of the proposed
iterative methods when parallelizing their various stages on an a multi-processor
system with distributed and shared memory. It is assumed that the calculations
for each subdomain (including the macrogrid) are implemented simultaneously
on the corresponding multi-core nodes by forming computational processes using
MPI system which provide data exchanges at each iteration. The second level of
parallelization is performed via multi-threaded computing tools (OpenMP) on
the shared hierarchical memory of each node.
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In general, the problem of optimizing algorithms and their mapping onto a
multi=processor architecture is too complex, and we can only talk about indi-
vidual aspects that contribute to improving a computing performance. If we talk
about the main parameters of the considered s.p.d. SLAE, then there are few
of them: N is the number of unknowns, nz is the number of non-zero entries of
the matrix and cond(A) is its spectral condition number. For the most relevant
three-dimensional problems with large sparse matrices, we have N ≈ 108 −1011,
nz – from 7 to 100 coefficients for each equation, cond(A) = 1017−1015 (in prac-
tice, this value is unknown and only rough estimates or hypotheses are possible
regarding its value). Note that with the traditionally used double precision for
64-bit machines, an increasing the condition number to 1016 no longer guarantees
an acceptable accuracy of the results. With the simplest model of a supercom-
puter, there are very few characteristics of its configuration: Nn is the number
of nodes, Nk is the number of cores on one node, ta is the average execution
time of one arithmetic operation, tc is the time of sending one number and td -
the delay time, or setup, of one transaction. Taking into account the relations
ta << tc << td, it is necessary to minimize the volume and the number of
communications, and if possible, to combine data transfer with calculations.

Let us now consider the features of the algorithms we are developing to
solve SLAEs on a given multi-processorsystem. Here it is necessary to clearly
distinguish between the mathematical properties of the method (the resource
intensity of one iteration and their total number) and the pecularities of its
software implementation, which is largely related to the generated data structure.

First of all, the total amount of calculations is divided into two parts: those
performed once before the start of the iterative process and those that are per-
formed then at each iteration. The first group in our case includes those oper-
ations that are associated with the implementation of preconditioning matrices
involved in the formulas (12), (13) for two-dimensional and three-dimensional
cases. Not counting the initial data for the SLAE being solved 1, this includes
the quantities β̂t, β̌t, ût, ǔt from the sweep formulas (18), as well as the elements
of the inverse matrices S−1

c and A−1
1,1, with the help of which the Schur comple-

ment is determined for equations on the macronetwork and in subdomains. The
second part of solving large sparse SLAEs is responsible for the implementation
of the iterative process. In ADDM approache, one of the most important issue
consists in the balancing the total volumes of the arithmetic calculation and
data communication. First of all, it depends on grid domain dimension (on the
degree of freedoms (d.o.f.)) and on the number of subdomains.

Roughly speaking, the problem of optimally tuning ADDM parameters for
an MPS architecture can be defined as minimizing the time to solve a given
SLAE on a specific multi-node computing cluster architecture.

Let an algebraic system of order N be divided into M subsystems (subdo-
mains), each of which is solved simultaneously at its “own” node during nε

iterations. It is assumed that each node has P multi-core processors with shared
memory, which allows parallelizing at the “internal” level the solutions of the
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algebraic subsystem formed for the subdomains. The total implementation time
of the ADDM under consideration can be represented by the formula

T = T0 + nε[(Qa
1 + Qa

2)τa + τ0 + (Qc
1 + Qc

2)τc] (38)

where τa 	 τc 	 τ0 denotes the execution time of one arithmetic operation
(on average), the transfer of one number between computing nodes and the
delay (settings) of one transaction (transfer of one data array). The quantities
T0, nε, Qa

1 and Qa
2 , Qc

1 and Qc
2 are the duration of preliminary calculations

before iterations, the number of operations performed, the number of arithmetic
operations per each step when implementing the “macrogrid” part of the algo-
rithm in subdomains, as well as the amount of information transferred from the
macrogrid to the subdomains and vice versa.

The value T in (38) has a complex functional dependence on numerous
parameters: the number of iterations nε increases with increasing values of N, M ,
the number of arithmetic operations Qa

1 and Qa
2 are proportional to the volumes

of the subdomains, and Qc
1 and Qc

2 are proportional to the size of their “surfaces”
(in terms of the number of nodes), etc. An approximate optimization of the per-
formance of the software implementation of the algorithm can be carried out for
a specific configuration of a multi-processor system when solving a given SLAE
of higher dimension by appropriately selecting the number of subdomains. Obvi-
ously, if they increase excessively, both communication losses and the number of
iterations will increase, so an optimum must exist.

5 Numerical Experiments

We will consider the results of numerical experiments on solving methodological
s.p.o. SLAEs that approximate two-dimensional Dirichlet boundary value prob-
lems for the Poisson equation on square grids in a square computational domain.
The main goal of the research in this case is to determine the rate of convergence
of ADDM iterations on Krylov subspaces with the applied preconversion devices
depending on d.o.f. tasks and the number of specified subdomains. All calcula-
tions are carried out with standard double precision; the parameter ε = 10−7 is
selected as the stopping criterion for external conjugate gradient iterations on
subdomains.

The Table 1 shows different values of Ne, Nx = Ny = Nc and Mx = My −Mc

and the corresponding numbers n of iterations in subdomains. For the cases of
applying the LU and CG methods, the results are almost the same.

Calculations were carried out for a model problem with an exact solution
u = 1 with various initial approximations u0, which weakly affect the number
of iterations over subdomains (in the experiments the preconditioned conjugate
gradient method was used). The compensating parameter in the incomplete fac-
torization was taken as θ = 1 (note that in this case, for u0 = 0, the process
converges in one iteration due to the equality Be = Ae). Auxiliary SLAEs in sub-
domains were solved either by the direct LU algorithm from the library EIGEN.

In all the runs, the error δ = sup|1−ui,j | does not exceed the value of 1.8e-06.



374 Y. Gurieva et al.

In each cell of the Table 1, the upper number is Nc, the mid number is Ne, the
lower number is the number of iterations n. The empty cells here are explained
by the hardware conditions of the experiments.

Table 1. The numbers of iterations in Krylov subspaces for different grid subdomains

Table 2. Computation times for different number of the grid points N, subdomains
Md, and the number processor (threads) P = 1, 4, 16, 32 (in each cell row by row from
the left to the right).

In the Table 2 we present the running times (in seconds, four values in
each sell) of parallel computations for the different numbers of processors
P = 1, 4, 16, 32.

The results demonstrate the good enough speedup Sp = T1/Tp of parallel
computing, where Tp means the calculation time on P processors. The experi-
ments were made on the server with 72 cores Intel Xeon Platinum 8354H.

An analysis of data from preliminary experimental studies suggests a fairly
high efficiency of the proposed ADDM approach using a macrogrid in the sense
that the number of iterations n(ε) grows slightly as the value of the grid step h
decreases and the number ND = (Mc + 1)2 of subdomains increases.
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6 Conclusion

A new family of fully algebraic domain decomposition methods is proposed.
It is based on using the set of macrogrid nodes provides a special separation
of the subdomains. The original s.p.d. SLAE is presented in block-tridiagonal
form which is solved by incomplete factorization with diagonal compensation
conjugate gradient method. The subsystem for macroedges and macronodes is
solved by the parallel direct algorithm. The auxiliary subdomain SLAEs are
solved in parallel by direct methods. The efficiency of the iterative process and
the performance of its parallel implementation are demonstrated by the results
of numerical experiments for set of model grid boundary value problems.

Further increase in the performance of the software implementation of algo-
rithms is planned on the basis of a hybrid parallelization of the computing process
on supercomputers with distributed and hierarchical shared memory, as well as
by using an asymptotically order-optimal algebraic multigrid (AMG) method for
solving SLAEs in subdomains. Another possibility to increase the efficiency of
the iterative process consists in an improvement of the preconditioning matrix
B. And, of course, a generalization of the proposed ADDM approaches to a wider
class of applied problems is a topic of a great interest.
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